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Abstract
Frequency separation between the' resonant frequencies of the -mode
and the nearest other mode may be controlled by varying the ratio of the
width at the mouth of the shallower cavities to the width at the mouth of
the deeper cavities. To study this problem theoretically, the AX9 18-cavity
rising-sun magnetron was chosen as a prototype. A set of computations of
resonant frequencies for n = 9 (-mode) and n = 8 was carried out, with the
dimensions of the deeper cavities held constant, and with the shallower set
taken as rectangular slots of various widths. For each width of these slots,
a depth was chosen to maintain the -mode resonant frequency at the same
value as in the prototype. Two more sets of computations were carried out
in a similar manner, each with a different width of the deeper cavities but
with the original depth. The computed results showed less mode separation
for greater width of the deeper cavities, and greater mode separation for
greater width of the rectangular slots.
A set of model anodes was constructed in order to provide experimental
confirmation of the calculations. The model anodes were constructed with
the same dimensions of large cavities for each and with various widths of
rectangular slots, to correspond with the first set of computations described
above. The deviations of the observed resonant frequencies from those cal-
culated were minor, and supported the calculated results in principle
throughout.
In order to identify the resonant modes positively, the radial r-f
electric field was observed by means of a rotating probe extending a short
distance out from the dummy cathode. The n = 9 mode was recognizable by the
18 peaks per revolution in the observed pattern, but the n = 8 mode produced
only two major peaks, corresponding to s = 1, where s is the number of cycles
of the r-f field variation around the anode. It is shown that the n = 8
mode contains an s = 1 component and that, according to electromagnetic field
theory, the s = 1 component will predominate in the neighborhood of the probe.
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INVESTIGATION OF ANODE STRUCTURE
IN A RISING-SUN MAGNETRON
I. INTRODUCTION
The necessity of separating the frequency of the operating mode of a
magnetron from that of any other mode has become well established. The
w-mode, in which the oscillations in adjoining cavities differ in phase by
r radians, is generally accepted as the most desirable, and in an N-cavity
magnetron it is characterized by a mode number n = N/2 (1)(2). The mode
nearest the w-mode in frequency is usually that for which n = N/2 - 1. The
rising-sun type of anode structure, in which cavities alternate in depth, is
one of the types developed to accomplish separation between modes. Mode
separation in such an anode structure has been investigated previously as
a function of the ratio of the depth of the larger cavities to the depth of
the smaller cavities (3).
The problem dealt with here, on the other hand, is the control of mode
separation by holding the larger cavities fixed in size and shape, and
varying the width of the smaller cavities, with the depth of the latter ad-
justed for constant r-mode frequency. These limitations are experimentally
significant, since a series of anodes composed of vanes, in the tips of which
the small cavities are milled as rectangular slots, can be prepared with a
minimum of machine time.
The prototype for the anode structures studied is the AX9, an 18-cavity
high-power X-band rising-sun magnetron (4),the cross section of which is
shown in Fig. 1. This magnetron is of particular interest,since the high-power
Fig. 1 Cross section of AX9 magnetron
(Columbia Radiation Laboratory); dimen-
sions of output slot have been modified
for smaller waveguide.
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3-band magnetrons which are being constructed and tested in this Laboratory
are frequency-scaled copies of the AX9 with only minor changes. The modi-
fied anode structure, described above, is shown in Figure 2.
Fig. 2 Cross section of modified
rising-sun anode.
II. THEORETICAL RESULTS
The theoretical portion of this investigation involved the study of
mode separation for various combinations of 1 and 02 (cf. Figure 1). The
studies were made by means of computations for various anode configurations,
based on numerical solution of the electromagnetic-wave equations. The
method of solving these equations for a rising-sun magnetron has been
described in detail by Kroll and Lamb (5) for the case where 01 = 2, and
the results of the solution for 01 0e2 have also been given in the same
report. The derivation of the latter solution is given in Section I of the
Appendix of this Report.
A number of independent solutions of the wave equation for a magnetron
anode are found. Each of the solutions of interest in magnetron operation
is characterized by a mode number n, where h is some integer from one to
N/2, inclusive, and N is the number of cavities around the periphery of the
anode. The phase of the r-f electric field across the mouth of the jth
cavity is given by the expression
exp(--n j)
In studying the resonances for various values of 01 and 02 it was
desired to hold the -mode (n = N/2 = 9) resonant wavelength constant at
3.15 cm (which is also the resonant r-mode wavelength for the AX9) and to
study the variation in wavelength of the n = 8 mode. The v-mode wavelength
was held constant by adjusting Q. In the first series of computations, the
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dimensions of the large cavities were identical throughout with those of the
corresponding cavities of the AX9 (2 2 0.0715), and the necessary values
of were computed for various values of 01. A second and a third series
of similar computations were made for 02 = 0.1227 and 02 = 0.1745, respec-
tively. The required value of as a function of 01 for each of the three
values of 02 is plotted in Figure 3. These results show that as 1 ap-
proaches zero, the slot depth must approach one-fourth of a free-space
wavelength.
Fig. 3 Slot depth as a function
of slot width in modified rising-
sun anode.
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Using the anode dimensions established by the above calculations, the
corresponding values of wavelength for n = 8 were determined, and these are
plotted in Figure 4. They indicate that greater mode separation corresponds
to wider small slots and to narrower large cavities, and that mode separa-
tion tends toward zero as the smaller slots become very narrow. The latter
condition approaches a field pattern equivalent to the n = 0 mode in a nine-
cavity magnetron, with an open circuit (produced here by the short-circuited
quarter-wave slots) between cavities.
i
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I3 Fig. 4 Calculated resonances in
modified rising-sun anode.
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III. MODEL-ANODE TESTS
A. Equipment
In order to check the above results experimentally, a series of brass
model anodes was constructed. The first was a replica of the AX9 anode,
and five more were constructed with cross sections of the form shown in
Figure 2. Each of the latter five was constructed with a different slot
width, with slot depth designed to correspond with the slot width according
to Figure 3, and with 2 0.0715, as in the AX9. Below is a table of slot
widths and the corresponding slot depths as measured on the completed anodes.
Figure 5(a) is a photograph of the model anode built as a replica of
the AX9, and 5(b) is a photograph of one of the series of five which were
built with rectangular slots. In each case, the end caps were omitted in
order to show the interior.
Fig. 5 Model anodes.
(a) Replica of AX9 (cf. Figure 1). (b) Modified rising-sun (cf. Figure 2).
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Table I
Slot Width 6 01 Slot Depth 
(inches) (radians) (inches)
0.0161 0.039 0.267
0.0246 0.059 o.246
0.0307 0.074 0.233
0.0406 0.098 0.217
0.0470 0.113 0.206
_
The test equipment, shown in Figure 6, was arranged to supply an
X-band signal to the cavity to be tested through a waveguide equipped with
attenuator, wavemeter, and slotted section, in order to measure the reso-
nance characteristics of the cavity and to measure the r-f field pattern
within the cavity. The r-f signal picked up by the probe was detected,
Fig. 6 Equipment for model-anode tests: (1) oscillator and power supply;
(2) coaxial wavemeter; (3) line stretcher; (4) variable attenuator; (5) cavity
wavemeter; (6) slotted line with traveling probe and detector; (7) model anode;
(8) crystal holder and slip-ring assembly; (9) pre-amplifier; (10) cathode-ray
oscilloscope; (11) amplifier and standing-wave meter; (12) motor.
the detected signal was led out through slip rings and, after amplification,
displayed on the screen of the cathode-ray oscilloscope. The coaxial
wavemeter shown in Figure 6 was necessary because the required range of
wavelengths extended beyond the range of the cavity wavemeter. However, the
latter was preferable in the wavelength range in which it could be used,
since the coaxial wavemeter was designed primarily for S-band measurements.
In order to assure correct identification of modes, a rotating probe
was constructed to investigate the nature of the r-f field as a function of
azimuth.
Figure 7 is a photograph of the components of the rotating-probe
assembly and end caps. The probe extends into the cavity from a brass tube
which serves as the outer conductor of a coaxial line, and from which it is
' r $m "' " 
lW
Fig. 7 Components of rotating probe assembly: (1) crystal holder and slip-
ring assembly; (2) pulley; (3) center conductor of coaxial line; (4) end cap;
(5) probe; (6) tuning screw; (7) model anode; (8) end cap.
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insulated. It is attached to a brass rod forming the inner conductor, which
leads to the crystal detector on one end and to a tuning screw which short-
circuits the line at the other end. The outside diameter of the tube is
approximately the same as that of the AX9 cathode, and so should replace it
electrically for all of the normal magnetron modes. However, the brass tube
makes electrical contact with both end caps, while the magnetron cathode is
insulated from the end cap through which it passes and is separated from the
other end cap. Therefore, any resonances involving the end spaces may be
expected to be altered.
It was found that the voltage output of the detector was so small that
the amplification provided by the oscilloscope was insufficient. The nec-
essary additional amplification was accomplished by using a triode (6SQ7) in
a circuit designed with special attention to low frequencies. Since the
motor was rated 1200 rpm, and the pulley on the probe assembly was the same
size as that on the motor, the fundamental frequency was about 20 cps.
Battery power was required for both filament and plate in order to eliminate
60-cycle ripple.
The output signal of the preamplifier was connected to the input of
the vertical-deflection amplifier of the oscilloscope. The horizontal sweep
was synchronized with the rotation of the probe by means of a permanent mag-
net on the tuning-screw end of the rotating-probe assembly, with the rotation
of the magnet generating the synchronizing voltage in a stationary pickup
coil. Therefore the vertical deflection on the screen was proportional to
the detected signal and the horizontal deflection proportional to the azimuth
of the probe.
B. Procedure and Results
In most cases, resonances were located by tuning the oscillator for
minimum standing-wave ratio, although a very few were located by observation
of the nature of the pattern on the screen. When a resonance was found, the
pattern on the screen generated by the rotating probe was observed and photo-
graphed, and it was possible to identify the mode corresponding to the reso-
nance by the nature of the pattern.
Results of the tests locating the resonant wavelengths of the n = 9 and
n = 8 modes in each model anode are plotted in Figure 8, along with the
theoretical results for 0 = 0.0715 (cf. Figure 4). The data in Figure 8(b)
are more readily evaluated than those in 8(a) because of small but appre-
ciable variations in the wavelengths at w-mode resonance; it is the separa-
tion in frequency which is significant in this investigation. Agreement
with the theoretical values is quite reasonable, considering the unavoidable
inaccuracies in the construction of the model anodes and the assumptions made
in the calculations.
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Fig. 8 Resonances in model anodes.
(a) Wavelengths. (b) Mode separation (per cent).
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In each of two model anodes, two different resonant wavelengths were
identified as corresponding to n = 8. It has been shown that the solution
of the wave equations in a multi-cavity anode block is degenerate for all
modes except those corresponding to n = 0 and n = N/2, if there is no coup-
ling to the external circuit. When one of the cavities is coupled to a load,
the degeneracy is removed, but there are now two distinct and independent
solutions possible for each mode number n (except zero or N/2), giving rise
to the so-called doublet modes. Any asymmetry, including that produced by
the coupling to the load, may be sufficient to separate these two resonances
in wavelength enough so that each may be identified.
So far it has merely been assumed that there were no other modes closer
in frequency to the -mode than n = 8. This assumption was found to be cor-
rect experimentally, since there were no other resonances found in any of
the model anodes in the range tested, from 2.90 (or less) to 3.40 cm.
C. Interpretation of Observed Patterns
Photographs of the patterns observed on the screen are shown in
Figure 9. All of the photographs of patterns resulting from the n 9 mode
were made without square-wave modulation, while most of the photographs of
the n 8 patterns were made with square-wave modulation.
In all cases except one, the n = 9 mode of each anode block is clearly
identifiable because of the 18 peaks in the detected pattern. (A field
with a periodicity of 9 must produce 18 peaks in the rectified pattern.)
The one exception is associated with a model anode which was found to have
one badly deformed cavity.
The identification of patterns corresponding to n = 8 is much less
obvious. It is apparent here that the predominating component in the pattern
corresponds to a periodicity of one instead of eight. This result may be
explained by examining the expression for the radial r-f electric field in
the space between cathode and anode:
E 3-i_ S YC8Za(>)@ 9 s (1)Er = - > SCsZs(kr)eiSp , (1)k r
where
Zs(kr) = Js(kr) - (kc Ns(kr) (2)
and A = permeability of space; w = angular frequency; k2 = w/v, where v is
the velocity of light in space; i --1; r, and Z are variables in cylin-
drical polar coordinates, and C is a constant for each value of s.
By using only the first term of each power-series expansion of the
Bessel functions of the first and second kind, which make up Z(kr), the
-8-
Fig. 9 Oscilloscope patterns: detected rotating-probe pattern. All except (a) and (b)
are made using model anodes whose structure is of the modified type shown in Figures 2
and 5(b).
(a) AX9 replica, n = 9.
(c) e] = 0.039, n = 9.
(e) 1 = 0.057, n = 9.
g )1 = 0.074, n = 9.
(b) AX9 replica, n = 8.
(d) 1 = 0.039, n = 8.
(f) , = 0.057, n = 8.
(h) 1 = 0.074 , n = 8 , = 2.967 cm.
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(i) e1 = 0.074, n = 8, = 2.950 cm. (J) e1 5 0.074, n = 8, X = 2.946 cm.
(k) e1 = 0.096, n = 9. (1) e1 = o0.096, n = 8, = 2.916 cm.1
(m) (1 = 0.096, n = 8, X = 2.926 cm. (n) a1 = 0.112, n = 9.
(o) el = 0.112, n = 8. (p) a1 = 0.096, no mode, = 3.42 cm.
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following approximation is found for the ratio of radial electric field at
the anode (r = a) to that at any radius r for a given a:
1 = rz (r)YTr Ll + ( c2 . (3)Er(r,cp) aZs(kr) s-l[1 2s]
For n , 8, the values of which are significant are those corresponding
to s = n + m(N/2), where m is a positive or negative integer or zero;
therefore, s = 8, 17, 26, etc., and s = 1, 10, 19, 28, etc., omitting the
minus sign. (Cf. Eq. (12) Section II, Appendix.) For s = 1, the approxima-
tion in Eq. (2) is useful only qualitatively. For = 8, the values given
by (2) are accurate to about 1 per cent.
Equation (2) indicates that the s = 8 component of the electric field
is essentially proportional to (r/a)7. On the other hand, Zl(kr)/Zl(ka)
changes very slowly with r. The probe extends from r = c = 0.6a to approxi-
mately r = 0.8a. At the mid-point of the probe (r = 0.7a) the intensity of
the s = 8 component of the field is about 0.08 of its intensity at the anode,
according to Eq. (2). Using the appropriate Bessel functions according to
Eq. (1), the s = 1 component of the field at r = 0.7a is 1.36 of its inten-
sity at the anode. Thus, although the s = 8 component is greater at the
anode, it is the s 1 component which predominates at the probe.
Numerical computations of the radial-field intensity as a function of
azimuth have been made as described in Section III of the Appendix, and
compared with the results observed experimentally. The expression for Er
in Eq. (1), which includes the factor eis p, represents a wave traveling in
the positive-p direction (a factor e-iut is therefore implied). A wave
traveling in the negative-cp direction is equally possible. The method of
feeding the signal into the anode system through one cavity leads to two
possible combinations of traveling waves to produce a standing wave. In one
case, cos sT is substituted for eis and, in the other, sin s is substituted.
The best agreement between experimental and computed patterns occurs
approximately at r = 0.7a. Plots of these results are shown in Figure 10,
where the computed curve of 10(a) is plotted as the sum of a series of terms
of the form E sin sp, and the computed curve of Figure 10(b) as the sum of
a series of terms of the form E cos s, with r = 0.7a and 01 = 0.0715 (as
in the AX9) in each case. Also included in each of these figures is the
observed pattern which most nearly fits the computed pattern, taking the
observed patterns from the model anode for which Ol = 0.074. The "observed"
curves -for Figures 10(a) and 10(b) come from Figures 9(h) and 9(j), respec-
tively. On the assumption that the crystal was a square-law detector, the
square root of the observed vertical deflection was taken point by point,
and the sign reversed where it appeared necessary, thus producing the
-11-
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Fig. 10 Comparison of theoretical and observed values of Er
as functions of ~ at r = 0.7a.
(a) Er represented by summation of terms of the form (Es cos s).
(b) Er represented by summation of terms of the form (Es sin sp).
"observed" patterns as plotted in Figure 10. Although the quantitative
agreement between the experimental and calculated patterns is only fair, it
is good enough to furnish satisfactory confirmation of the identification
of these two resonances.
The above discussion of the decrease of the intensity of the sth com-
ponent of a given mode proportionally to (r/a)s - , where s is large, applies
equally well to the n = 9, or r-mode. The values of s which are associated
with the n = 9 mode are s = 0, 9, 18, 27, etc. Of these, only the s = 9
component is observed, because there is no radial component corresponding
to s = 0, and the other components are much too small to be observed in the
-12-
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neighborhood of the probe. However, as a consequence of the fact that the
intensity of the s = 9 component is proportional to (r/a)8, the amplitude
of the observed signal on the screen was much less than that for n = 8
(dominated by s = 1) for a given power input and gain-amplifier setting.
The photographs of Figure 9 which represent the r-mode were taken with a
much higher gain than for the s 8 mode.
Another effect of the decrease in intensity of higher-order components
(i.e., higher values of s) is to amplify the apparent effect of small irregu-
larities in the pattern, A single irregularity in the anode structure, for
example, may be expected to manifest itself in the observed r-mode pattern
as a superimposed s = 1 component, with other higher-order components which
are less noticeable. As a result of the drastic decrease of the amplitude
of the s = 9 component at the probe, the effect of the irregularity appears
very large. An extreme case is that shown in Figure 9(c). Examination of
the corresponding anode block (1 0.039) showed that the mouth of one of
the rectangular cavities had been pinched together, making it somewhat
narrower than the mouths of the other rectangular cavities in the same anode
block. A less drastic example of the same phenomenon is shown in Figure 9(e).
Here the contamination is much less severe, and there were no obvious defects
of the cavity structure.
It must be taken into account that the output slot, which couples the
magnetron anode to the load, constitutes an irregularity. If the load is
properly matched, there will be a purely "resistive" irregularity; a mismatch
in either the load or the coupling circuit may also introduce a "reactive"
disturbance in the field pattern, thus distorting the field pattern by a
still greater amount.
There appears to be some tendency for the s = 1 contamination of the
r-mode to be less in anode structures in which el1 is greater. Such an ob-
servation can be accounted for by the fact that the relative energy storage
of the system is greater for larger 01, a condition which would tend to re-
duce the distorting effect of the output slot by increasing the loaded Q or,
in other words, by decreasing the proportion of stored energy dissipated in
the load per cycle. On the other hand, this observation may be a result of
the fact that the relative irregularity of 01 from one cavity to the next
may be expected to be less when 01 is greater.
It is significant that while the values of s associated with the nth
mode in a rising-sun anode are given by s = n + m(N/2), the values of s in
an anode with all cavities alike (such as a strapped anode) include only those
given by s = n + mN. (In each case, m includes all positive and negative
integers and zero.) Thus, an uncontaminated n = 8 mode in an 18-cavity
strapped magnetron, and an n = N/2 - 1 mode in an N-cavity strapped magnetron,
-13-
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would not include an s 1 component. However, the above discussion of the
effect of irregularities, including the coupling to the external circuit,
applies equally well to any cylindrical anode structure.
The pattern shown by Figure 9(p), corresponding to the model anode for
which e = 0.098, is typical of the off-resonance patterns. The sharp dip
between the two largest peaks was found to correspond with the cavity coupled
to the line through which the signal is fed into the cavity. This pattern
contains components associated with all values of s. As the frequency of
the signal generator is moved toward a resonance, the components associated
with that particular resonance become large, and eventually the pattern has
the appearance of a wave propagated all around the anode, instead of the
appearance of a wave attenuated in both directions from the input cavity as
in Figure 9(p).
D. Length of End Spaces
In another series of tests made on the model anodes, the end spaces
were made shorter by filling part of the space with pairs of plates of
varying thicknesses and, finally, filling all of the end space. The results
shown in Figure 11, taken for the replica of the AX9, are representative of
the results found in this series of tests. Until the end spaces become very
short, there is relatively little effect on either resonance. However, very
short end spaces tend to reduce the -mode resonant wavelength, while pro-
ducing little change in the n = 8 resonance. Thus the mode separation is
adversely affected in these latter cases.
Fig. 11 Effect of length of
end spaces upon resonant wave-
lengths.
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LENGTH OF END SPACES (CM)
When the end spaces were closed up entirely, the n-mode resonance was
shifted so far that it could no longer be reached with available equipment.
Under such conditions, the field distribution at the mouth of the cavities
can not be uniform, because a finite electric field in the q-direction is
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not possible at the ends if they are closed by a good conductor. The assumed
mode of propagation, the TEM mode, is not possible here and, instead, a
waveguide mode is necessary. This should affect quite drastically the v-mode
resonant wavelength, because each cavity must now be excited in a waveguide
mode.
IV. EVALUATION OF RESULTS
The theoretical investigation described in this Report indicates that,
in addition to variation of slot depths, the variation of slot widths is
also a means of controlling mode separation in a rising-sun magnetron. In
general, greater mode separation corresponds to narrower deep slots and to
wider shallow slots.
The experimental results obtained in the mode-separation tests provide
satisfactory confirmation of the theoretical results. Previous experience
in anode design has shown that in order to reach the desired resonant fre-
quency, it is usually necessary first to build either a model for cold-
testing or a complete magnetron, and then to make minor changes in order to
correct the observed error. On this basis, the agreement between calculated
and observed values may be considered reasonably good.
In the case of the mode-separation curves in Figure 8(b), the agreement
between computed and observed results is likewise satisfactory. The compari-
son suggests that the rate of change of mode separation with respect to 1
is appreciably less experimentally than theoretically (i.e., the slope of
the "observed" curve is less than that of the "computed" curve). However,
the number of anodes tested is too small to show conclusive results.
The calculated values of wavelengths may be expected to agree with
observed values more closely for relatively long anodes, such as these, than
for most anodes. One of the fundamental assumptions made in calculating
resonances is that the r-f magnetic field Hz has no variation in the Z-direc-
tion (aHz/az = 0; see Eq. (3), Appendix, Section I). This assumption implies
an infinitely long anode structure. (In the model anodes used in these
tests, the anode length is 0.65 of the free-space wavelength for the -mode
resonance.)
The rotating-probe tests, undertaken for positive identification of
modes, confirmed the correctness of the assumed nature of the r-f fields in
the space between cathode and anode. They emphasized that the intensity
of the sth-order component of the radial electric field is approximately
proportional to (r/a) s- 1 for large values of s, and that the s = 8 and s = 9
components, which may be large at r = a, are quite small at r = 0.7a. In
the case of the n = 8 mode, the s = 1 component overwhelmed the s = 8 com-
ponent in the vicinity of the probe; in the case of the n = 9 mode, minor
-15-
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irregularities, giving rise to lower-order components, affected quite
strongly the pattern picked up by the probe.
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APPENDIX I.
Calculation of Resonant Wavelengths
In computing the wavelength at which the magnetron resonates in any
given mode, all the cavities will be considered as rectangular slots, as
shown in Figure 12. The angle subtended by the deeper slots is 22, and
the angle subtended by the shallower slots is 2 1 .
Fig. 12 Cross section of anode-
cathode structure used in deriving
-7 resonance equations.
In order to determine the electromagnetic field in the cylindrical
space between cathode and anode, it is necessary to solve Maxwell's equations
in cylindrical coordinates, subject to the boundary conditions imposed by
the fields in the 18 rectangular slots and by the cathode. Such a solution
-16-
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for the rising-sun magnetron has been given by Kroll and Lamb (6) for the
case where 01 = 2, and the results of the solution for 1 # 02 are also
given. The latter solution is carried out below.
Solution of Maxwell's equations in the cylindrical space between cathode
and anode for a resonant mode of the magnetron type, where Hr = 0, and
Hz = H (r, cp )e-i wt is of the form
Hz = Z(kr)eiT , (la)
where Z(kr) is a linear combination of Bessel functions of the first and
second kinds. The actual complex electric and magnetic fields are then:
Hz(r,p) = jCZ(kr)eiC , (2a)
E(r,9) = - CsZ (kr)ei , (3a)
S
Er(rcp) =-i2 sCsZs(kr)ei . (4a)
At the cathode (r = c), the required boundary condition is that E = 0,
and therefore Z'(kc) = 0. Therefore
J'(kc)
Zs(kr) = Js(kr) - mc) N(kr) (5a)
The values of constants C in the above expressions are determined by
boundary conditions at the inside periphery of the anode (r = a). Since the
anode in question has cavities with open ends, it is assumed that plane waves
propagate in the cavities, that the electric field across the mouth of each
slot is uniform and entirely in the -direction, and that the magnetic field
is uniform and entirely in the z-direction. On the vane tips between the
mouths of the slots, Hz = E = 0. The magnetic field across the mouth of the
jth slot in the nth mode is given by
Hz(j) = a cos k exp (Ž24j) (j even) , (6a)
= A cos kL exp ( i) (j odd) . (6a')
Here and L are the depths of the shallower and deeper slots, respec-
tively (as shown in Figure 13), and A and a are constants to be determined
later. The corresponding values of E are:
 _ _ _ _I C_ II I ·_I ______PI___·L___ICIllslllpl ----
E =(J) - a sin k exp (2 )
= - - A sin kL exp (' +)
(j even)
(j odd)
(7a)
(7a')
At the mouths of the slot, the value of E determined from the field
equations in the cylindrical space between cathode and anode, given by
Eq. (2a),must match that determined from the fields in the slots, as given
by Eq. (7a) and Eq. (7a'). The fact that E as defined from the field in the
slot corresponds to a straight line across the mouth of the slot, while
E (a,q) as defined according to the cylindrical-field solution has a slight
curvature, is neglected. The appropriate values of Cs to bring about a match
between cylindrical field and slot fields are found as follows:
Let E (a, p) = - f((p) (8a)
Then f(cp) can be represented in a Fourier series (Hartree harmonies (5))
as follows:
21r
C Z(ka) - f) d (9a)
The expression f(c) is determined by matching E in Eq. (7a) and Eq. (7a')
to E in (9). Then
f(p) = a sin k exp (nJ) 
= A sin k exp (2+in) ; -J- < < r2 +e
= 0 elsewhere.
Combining Eqs. (9a) and (10a) gives
27rS f(p) ei s d = a sin kj
0 j even
exp ( 7r ) |
-e 1
+ A sin kL exp (# n)
j odd
or:
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(j even)
(j odd) (loa)
e-i as d,
(lla)
e i sP dp
_ _
.
Sb: +0241 28
2 a ( k 21 
0 ()eis d - (nksin 1
sin s 82
+ A (sin kL) 22 s
82 j odd
evenj even
exp (2i ) exp (-2tri;)
The summations of Eq. (12a) may be evaluated as follows:
j evenj even
exp (Žin ) exp (-2 sJ) = s = n + m Nexp (2Rin 2nr a f
= 0, otherwise
J odd
(13a)
;
exp ( )in exp (-2tisJ) = (-1) M, s = n + m 
(14a)
= 0, otherwise
In Eqs. (13a) and (14a), m is a positive or negative integer or zero. If
the above results are substituted in (9a),
-N 1 rsin se1 sin se2
Cs = Zs(ka) 1 .s81 a sin k2 + 2 (-1)m A sin k .
Cs 2ir Z'(ka) 1 S 2
(15a)
The average value of Hz across the slot, where J O0, is given by
Hz(a,P)
j=O
Hz(aCP)
J=0
= I H (a,ip) dp = . CsZC (ka) ei dp1 1
sin 81
= 2c8,Cz (ka) ,
m
The average value of Hz above is taken as constant across the slot, as
previously discussed. The corresponding value of Hz for j = 1, taking into
account that Hzl = Hzl exp (2rin/N), is given by
J=l j=0
Hz(aC,9))
j=l
2=in
= exp --
sin s (-1)
CsZ (ka) s m
m
In order to solve the two unknown quantities for A/a and for k (and,
consequently, for frequency), it is necessary to match the fields only at
the slots corresponding to j = 0 and = 1, since two equations are sufficient
exp (Ž .a) exp (-riJ)
(12a)
0
or
I
16a)
. (17a)
_11.1_1_ - -- ·l-C---·ll ---(-----
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to give a solution for two unknowns. Therefore the values for Hz given by
Eqs. (16a) and (17a) match the values given by Eqs.(6a) and (6a'), respec-
tively. If the appropriate value for C, given by (14), is used, matching
Eq. (6a) to (16a) and Eq. (6a') to (17a) gives:
No, sin Se 2 z (ka)
1 P) a sin k2
m (18a)
Ne2 sin 1n se2 Zs(ka)
+ - 2( se 1 s 2 z() (-m A sin kL = a cos k ;3 se 2 ka)
m
No - (sin s)1 sin se Z(ka) )m
se,)( se2 ) (-) sin k2-m
Ne2 sin 2 (a) (19a)
+ - 2 ( - ) ZBk) A sin kL A cos kL
m
Let2
17 () j Z(ka) sin se2
m=-
0 Z (ka) L 81 8 i 1
(n) = 2 (-1), where =i n+ 2 m=-O (Z )2' (·, m_ Z I (Ica) s el1 se
Then, from Eqs. (18a) and (19a),
sin kQ) i1w- 1(n,) - cos k + A sin kL (n) = ,(2a)
a sin k T (n) + A L(in kL) 1 - cos = O . (21a)
When Eqs. (20a) and (21a) are solved simultaneously to eliminate A and a
and simplified:
[ 2r (n = ot kL - (n] cot kL i
(22a)
Solution of (22a) for k will determine the resonant frequency of the
-20-
nt h mode. The results given in Figures 3 and 4 were obtained by numerical
solution of Eq. (22a).
However, in the anode section actually considered, the larger slots
are not rectangular but instead are sector-shaped, as shown in Figures 2
and 13. The equivalent length of such a cross section excited in the princi-
pal mode has been derived by Kroll and Lamb (7). If the angle subtended by
the rectangular slot is equal to that subtended by the sector-shaped cavity,
cot kL of Eq.(22) may be replaced by cot kLeq for any particular value of
k, according to the following expression:
Jo(ka') Nl(kb') - Jl(kb') N(ka')
eq. = J(ka) N(kb') - J(kb') Nl(ka') (23a)o k  Jik ) N1
Fig. 13 Cross section of
sector-shaped cavities.
APPENDIX II.
Radial R-F Electric Field in the Vicinitg of the Rotating Probe
The radial electric field is given by:
Er S IEs 5 Z (kr) ei8 (4a)
S
or
E=Zs(kr) isEr =- ifsin k Zm(ka sin s ei 
I m (24a)
m
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where
A
a
cosk (sin k) Ne (n)
cos k -- (sin k) -
(cf. Equation 20).
( k (n)(sin kL 3(n)
The expressions Zs(kr) and Z(ka) are defined as follows:
J (kc)
Z(kr) Js(k r) - s N N(kr)
JZ(kc) N(kr)
ZI(ka) = J(ka) - (kc) a)
~~S N~c
(5a)
(25a)
If only the first term of the series expansion for each Bessel function
of the first or second kind is used:
Js (kr) t (r)s ()
kr s-1
Js(kr) 2 (-)
N(kr) - - l(A1): 2 s
'8 (kr) ~ ,l[5Ns(kr) ~ .Z..- ( S
rs) 2sr 511
Therefore
+1 (2 )8(kc) 2s kr +~ ( r)(~ T (-) (I ~) [1+ () ]
2ka|s-1 () 2S(S-,)! 
(ka) i
28(s-l)
if s is large;
I 1 + (r)
..
Therefore, for any particular s,
Er(r, p)
Er(a,c) = ) 1 + (C) a 
8
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Zs(kr) - (1)(kr) 
Z'(ka) 
or
Z'(ka) -S
then
Z(kr)7
(26a)
(27)
(3)
'-11111111111111·1111·1111111111111 1
.
.
1i
2(S-1) r 
The field pattern to be considered is that for n = 8. The values of
s which appear in the expression for the n = 8 field pattern are found
according to the expression s = n + m(r) or s = 8 + 9m (f. Eqs. (13a) and
(14a), and therefore include 8, 17, 26, 35, etc., and -1, -10, -19, etc.
The values of in the approximation of (29) must be interpreted as the
magnitude of the value of s as given by = -1, -10, etc. These approxima-
tions are correct to within about 1 per cent for s = 8, and for Is > 8 are
still more accurate. The numerical computations were based on tabular values
for the Isl = 1 component, but on Eq. (29) for all other components.
If Laplace's equation is solved for the radial electric field between
cathode and anode with the same boundary conditions at the anode and cathode,
as described before, the result is identical with the solution of the wave
equation if only the first term of the series expansion of each Bessel func-
tion of the first or second kind is used.
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